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Study of ompat abelian lattie gauge theories
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Institute of Theoretial Physis E, RWTH Aahen, D-52056 Aahen, Germany
Abstrat
This is a review, intended for lattie nonspeialists, of the studies of the ompat
abelian gauge theories on the lattie performed by the Aahen lattie eld theory group.
We disuss in partiular the pure ompat QED and a U(1) lattie gauge theory with
harged salar and fermion elds in four and three dimensions. Our data indiate that
these lattie theories might dene some ontinuum eld theories, or at least eetive
eld theories with remarkable nonperturbative properties like onnement and dynam-
ial mass generation.
1 Why to study abelian lattie gauge theories?
As it is well known, the formulation of quantum hromodynamis (QCD) on the lattie
substantially ontributed to the theoretial understanding of nonperturbative properties of
strong interations on the distane of the order of one Fermi, like onnement of quarks or
spontaneous breaking of hiral symmetry, and opened way for alulation of many properties
of hadrons and of the quark-gluon plasma by means of numerial simulation. This suess of
lattie QCD is due, among other things, to the asymptoti freedom of QCD, whih provides
a unique presription how to reah the limit of ontinuum spaetime. This leads naturally
to the question what results have been obtained by means of the lattie regularization and
numerial simulation in the study of nonperturbative properties of eld theories that are not
asymptotially free.
In this report, I onentrate on the disussion of results obtained by our researh group in
Aahen for abelian gauge theories. The most important example of suh theories is quantum
eletrodynamis (QED), desribing interation of a U(1) gauge eld with harged fermions.
But relevant is also eletrodynamis with harged salar eld and with both suh elds
simultaneously.
Though QED is phenomenologially the most suessful eld theory, until now it is not
lear, what are its properties at very short distanes. As QED is not asymptotially free, the
running ne struture onstant inreases with energy sale, and aording to the perturbative
results diverges in the Landau pole. Therefore, QED is not dened by a perturbation series
at energies omparable and larger then the position of this pole. In the ase of U(1) gauge
theories with other harged elds the situation is similar to QED.
What really happens around the Landau pole is a nonperturbative question. It might
seem to be irrelevant phenomenologially, sine in QED the Landau pole lies far beyond the
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Plank sale. However, it is a very interesting question from the fundamental point of view
and for the searh of new gauge theories appliable to physis beyond the standard model.
These reasons also motivated our hoie of the so-alled ompat formulation of the abelian
gauge theory on the lattie, as here the nonperturbative phenomena are partiularly rih
and analogous to nonabelian theories.
2 Gauge theories on the lattie.
Lattie regularization of eld theories usually uses the eulidean spaetime, whih is dis-
retized by a hyperubi lattie with the lattie onstant a, orresponding to the energy-
momentum uto pi/a.
Derivatives of elds are replaed by dierenes of their values at the neighbour points
(x, x+ aeµ) divided by a. In a Lagrangian there arise produts of elds at neighbour points
of the type
1
a
χ(x)γµUx,µχ(x+ aeµ). (1)
For harged elds the gauge invariane requires an insertion of the quantity Ux,µ, whih
under the U(1) gauge transformation exp(Θ(x)) transforms as
Ux,µ → e
−Θ(x)Ux,µe
Θ(x+aeµ), (2)
i.e. like the parallel transporter
exp
(
ig0
∫ x+aeµ
x
dyµAµ
)
(3)
in ontinuum. Here Aµ is the vetor potential and g0 is the bare harge of the fermion eld
χ. For innitesimal a one an imagine Ux,µ as being
Ux,µ ∼= exp (ig0aAµ(x)), (4)
whih gives the term proportional to Aµ in the ovariant derivative.
Quantities Ux,µ, alled link variables, are on the lattie the most suitable variables for
the desription of the gauge eld, as they allow an easy onstrution of gauge invariant
expressions like (1) when a is not innitesimal. In dierene to Aµ(x) ∈ (−∞,∞) the values
of Ux,µ are from the ompat manifold of the U(1) group. This substantially simplies the
denition of the path integrals with various funtions of elds F ,
∫
U(1)
DUx,µ
∫
D(other fields) exp
(
−
1
h¯
S
)
F (Ux,µ, other fields), (5)
sine it is not neessary to x the gauge.
Formulation of abelian gauge theories on the lattie whih uses for desription of the
gauge eld the link variables Ux,µ is alled ompat. It is also possible to stay on the lattie
with the variables Aµ(x), whih results in the nonompat formulation. The dierene is
physially substantial at intermediate and strong oupling.
The path integral (5) has a form similar to a partition funtion of many systems in
statistial mehanis, for example of spin models on the lattie. This similarity reets the
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fundamental relationship between the quantum eld theory and statistial physis, whih
makes possible the use of methods of statistial physis for a solution of nonperturbative
problems in the eld theory. This in partiular inludes the use of the renormalization
group in the Wilson formulation. Formally the temperature is replaed in (5) by the Plank
onstant h¯ (everywhere else we use units in whih h¯ = c = 1), whih physially means
substituting thermal utuations by quantum ones.
Ation S in the path integral (5) is hosen mainly on the basis of the requirements of
gauge invariane and of the usual form in the limit a→ 0,
S →
1
4
∫
d4xF µνFµν . (6)
These requirements do not determine S on the lattie uniquely; it is usually expeted,
however, that various hoies of S give the same ontinuum limit of the path integrals
(5). In the language of the renormalization group this means the same universality lass.
However, sometimes it happens that dierent hoies of S or dierent values of parameters
in S lead to dierent ontinuum limits.
Usually the hoie of S for gauge eld is based on the simplest gauge invariant produt of
link variables along the shortest losed paths formed by the rands ∂p of elementary squares
(plaquets) on the lattie,
Up =
∏
∂p
Ux,µ = e
iΘp ∈ U(1). (7)
Real part of this produt fullls all the formal requirements on S, and therefore the hoie
of S is, as suggested by K. Wilson,
S = β
∑
p
(1− cosΘp). (8)
Using (4) it is easy to verify that
Θp ∼= a
2g0Fµν , (9)
S ∼= β
∑
p
(
1
2
a4g20F
2
µν + a
4O(a4g40F
4
µν)
)
. (10)
Requirement (6) is fullled by the hoie
β =
1
g20
, (11)
so that β in (8) has the physial meaning of the inverse square of the bare oupling onstant.
Perturbative expansion holds for large β.
The remarkable property of the desribed lattie gauge theory is the selnteration of
the gauge eld, illustrated by the seond term in the expansion (10). It is a onsequene of
the ompat formulation, whih beomes relevant for g0 = O(1) and, as we shall see, leads
to interesting and mostly still open eld theoretial questions.
Formulation of nonabelian gauge theories is made in an analogous way, the values of
the link variables taken from the ompat manifolds of the orresponding gauge groups.
The properties of these theories are rather simple and well understood in the whole interval
0 < g0 <∞, whih is the basis of all the suess of the lattie QCD.
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Formulation of the salar eld theories on the lattie is straightforward and does not
lead to substantially new insights. As for the fermions, in this overview we use the so-alled
staggered fermions, fully inluding their dynamis (unquenhed fermions). We an only
mention that oneptual problems with lattie fermions burdened the lattie eld theory for
a long time. In the last years, a substantial progress has been ahieved, however. In the ase
of QCD the main remaining problem now is the high ost of realisti alulations for quark
elds.
3 Renormalization of eld theories on the lattie
The primary issue of every lattie eld theory is the proedure how to onstrut the limit a→
0 for ratios of path integrals of the type (5), whih are related to various physial observables.
This orresponds to the removal of the uto and thus the return to the ontinuum spaetime.
The proedure is a variant of the renormalization group methods. It has been formulated by
Wilson and is onsequently nonperturbative. The most important steps are the following:
Some given theory on the lattie ontains parameters Kl. An example is β in the ation
(8). Multiplying by suitable powers of the lattie onstant a it is possible to dene all Kl
dimensionless. For example, a bare mass m0 of some eld enters the theory only in the form
am0. Then the only dimensionful parameter is a. Let us imagine that for various values of
the parameters Kl it is possible to alulate two- and other n-point funtions, whih allow
to determine masses and other observables. For dimensional reasons these observables must
be proportional to some powers of a. For example masses have the form
mi =
1
a ξi
, (12)
where ξi are dimensionless numbers depending on Kl. In statistial mehanis these ξi are
alled orrelation lengths, as they determine the asymptoti exponential deay of two-point
funtions with the distane n between both points expressed in units of a,
〈Φi(x)Φi(x+ naeµ)〉 ∝ e
−n/ξi. (13)
By inserting into this relation ξi obtained from eq. (12), we obtain the typial asymptoti
behaviour of the eld theoreti propagator of a partile of the mass mi.
It is lear from eq. (12) that if the mass mi should have a sensible nite value in the
limit a→ 0, it is neessary to assure that
ξi →∞. (14)
This means that the value of a dereases when the parameters Kl are tuned to some ritial
point. Thus the fundamental requirement for the onstrution of a ontinuum limit is the
existene of a ontinuous phase transition, i.e. of a transition of seond or higher order, for
some ritial values Kl = K
c
l . Phase transitions of rst order do not possess a divergene of
the type (14).
Next important ondition for renormalizability is the validity of a saling behaviour when
the parameters approah the ritial point Kcl ,
Kl → K
c
l . (15)
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Correlation lengths in statistial physis, and thus masses in lattie eld theories, usually
have the saling behaviour of the type
1
ξi
= ami ≃ ci|K −K
c|ν , ν > 0, (16)
or if Kc =∞,
1
ξi
= ami ≃ cie
−bK , b > 0. (17)
Here we assume for simpliity that it is suient to tune one parameter K. If one of the
sets of relations (16), (17) holds, it is possible to perform the limit (15) for masses with the
result
mi
m1
=
ci
c1
. (18)
In this way the ratios between the masses are determinded. Assuming some value in GeV
for some mass m1 (taken for example from the experiment), we obtain a predition for the
other masses in GeV in the ontinuum limit. In addition, we gain the information about the
size of the lattie onstant a in physial units (GeV)−1 in the viinity of the ritial point.
In the ase (16) it is
a ≃
1
m1
c1|K −K
c|ν . (19)
This is a very important information, as pratial alulations, both numerial and analytial,
annot be performed diretly at the ritial point, but only in its viinity.
Other physial quantities, like oupling onstants and ondensates, are treated in a similar
way.
In the ase of lattie QCD the situation is, due to the asymptoti freedom, lear and
quite simple: the ritial point is at βc = ∞, and the saling behaviour of the type (17)
holds, with a known value of the oeient b. With these ertitudes it is possible in the
lattie QCD to extrapolate various quantities into the limit a→ 0 quite reliably even if the
used sizes of a are not very small.
4 Review of the situation in abelian theories
In the ase of the abelian lattie gauge theories the situation is muh more ompliated.
For large values of β, whih aording to the relation (11) orrespond to small values of the
bare harge g0, these theories (in four-dimensional spaetime) have properties known from
the perturbative expansion in QED. For example the gauge (photon) eld is massless, stati
harges at on eah other by the Coulomb fore, and also higher order results hold. This
is satisfatory, but at the same time it means that here the problem of the Landau pole
remains the same as in ontinuum.
For small values of β, the properties of these theories are quite dierent from those at
large β. Using standard methods of statistial physis, in partiular the expansion in powers
of β, usually alled the strong oupling or high temperature expansion, a lot of surprising
results an be derived. Gauge eld is massive and forms states alled gauge balls, similar to
the glueballs in QCD. Its ongurations exhibit frequently properties of magneti monopoles.
Eletri harges, if they are not sreened, at on eah other by fores that are independent
5
on the distane, whih means that the onnement takes plae. The vauum has a omplex
struture, as it ontains a ondensate of the monopoles. This explains the onnement as a
dual Meissner eet from superondutivity.
If harged fermions are present, the vauum also ontains a fermion ondensate. If the
bare fermion mass is zero, the orrresponding hiral symmetry is spontaneously broken,
fermions aquire mass, and a massless pseudosalar Goldstone boson is present. It is an
example of a dynamial symmetry breaking, i.e. without help of a Higgs eld.
The onlusion is, that ompat abelian gauge theories on the lattie have (at least)
two phases with very dierent properties. For large β, it is the Couplomb phase, where
everything we have ever thought about abelian theories holds. For small β it is the phase
with onnement and other properties resembling in many aspets QCD. Both phases are
separated by a phase transition expeted in the region in whih both expansions ease to be
appliable, i.e. at
β ≃ βc = O(1). (20)
Its existene follows from the fat that it is not possible to onnet analytially phases whih
are so dierent.
The ruial question onerning the onnement phase is, whether its properties are
only an artefat of the lattie regularization or whether it is possible to onstrut here a
ontinuum limit preserving these properties. The seond ase would mean the existene of a
ontinuum abelian gauge theory, dened by this limit, whih has not yet been formulated as
a lagrangian theory diretly in ontinuum. From the point of view of quantum eld theory
this is a very interesting possibility.
As follows from the onsiderations in the preeeding hapter, for suh a onstrution
we need a ritial point. The just desribed phase transition between the onnement and
Coulomb phases is an obvious andidate, and it is thus neessary to assess its properties.
However, this phase transition is outside the region of reliability of analyti methods whih
are available. Its position (20) is just between these regions and its study is reserved for
numerial methods. By means of these methods it is easy to verify its existene and to
determine its position (in agreement with the expetation (20)). But it is very diult (for
reasons well known to statistial physiists) to deide whether it is a ontinuous phase tran-
sition or a weak rst order transition. Results of numerial simulations are not onlusive.
Many our results suggest seond order [1-6℄, and some of them we shall see in a moment,
but the question remains open.
In the ases of the pure gauge eld or with a harged fermion eld, no other phase
transition is available. This means that it is still not lear whether the onnement phase
exists in these theories in the ontinuum limit. Unanswered remains also the question of
the Landau pole in QED. Its study on the lattie has to be performed in the Coulomb
phase, where an approah to the Landau pole orresponds to the approah to βc. Here the
perturbative approah esses to be valid. Should the transition be of seond order, and if in
addition ertain saling behaviour holds, it would imply that atually QED does not have a
Landau pole. In my opinion, all attempts to larify the situation in numerial simulations
do not yet allow a reliable statement about the short distane properties of QED.
Do there exist abelian lattie gauge theories with some further phase transitions? One
new possibility arises in the theory with a harged salar eld. This is the salar QED
6
inluding a selfoupling of the salar eld, i.e. the U(1) Higgs model. This model has in a
broad interval of β also the Higgs phase transition. Several researh groups, inluding ours,
investigated whether it is not possible to onstrut also a ontinuum limit dierent from that
whih agrees with the perturbation theory. If this were so, it would substantially inuene
our understanding of the Higgs mehanism. These nonperturbative studies onrmed quite
reliably that the perturbative understanding of the Higgs mehanism is suient. This
means, in partiular, that there exists an upper energy bound for the validity of the ele-
roweak setor of the Standard Model. This bound has been alulated both perturbatively
and numerially and dereases with the growing Higgs boson mass.
Unexpeted and interesting nonperturbative results have been obtained in the abelian
lattie gauge theory ontaining simultaneously fermion and salar elds of the same harge,
alled χUφ4 model [7-10℄. In the onnement phase with dynamially broken hiral sym-
metry the salar eld does not ondensate (thus it is not a Higgs eld in this phase!), but
suppresses the hiral ondensate, the more the lighter it is. (For experts: imagine QCD
with an additional salar quark.) For ertain values of the parameters of the theory hiral
symmetry gets restored through a phase transition. For small values of β this new phase
transition is doubtlessly of seond order, and thus it is possible to onsider the ontinuum
limit here.
We have studied this phase transition in the χUφ4 model with onsiderable eort. One
of the numerial results, expeted on the basis of the strong oupling expansion in powers
of β, is that, for β < 0.66, this transition belongs to the same universality lass as the
NambuJona-Lasinio (NJL) model of the four-fermion interation. Here the χUφ4 model is
pratially equivalent to this well known model, aessible to analytial studies by means
of the Shwinger-Dyson equations. We have found, however, that at β ≃ 0.66 (again so far
away that the strong oupling expansion is not appliable) there exists a partiular type of
phase transition, the so-alled triritial point. Here it is possible to onstrut a ontinuum
limit whih is essentially dierent from the NJL model. It is a new type (universality lass) of
dynamial hiral symmetry breaking and mass generation, not yet predited by any analyti
method. We shall desribe it in more detail later.
Sine this model is interesting from the general point of view of quantum eld theory, we
have investigated it also in other spaetime dimensions. In two dimensions [11℄ the χUφ2
model belongs to the same universality lass as the popular Gross-Neveu model in the same
dimension. This means, for example, that it is asymptotially free. In three dimensions [12℄
the χUφ3 model at small values of β has a ontinuum limit belonging to the universality lass
of the Gross-Neveu model in three dimensions and is thus nonperturbatively renormalizable.
For intermediate and even large values of β the properties of the χUφ3 model remain rather
mysterious. Perturbative expansion does not hold. Here the χUφ3 model merits further
nonperturbative investigation, in partiular beause it is similar to some models proposed
for the high temperature superondutivity [13℄.
In the next three hapters we shall illustrate some of the desribed phenomena by several
onrete numerial results. We shall skip all the tehnial details, however, as these an be
easily found in the ited papers. These papers also ontain referenes to many important
works of other authors.
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Figure 1: Saling behaviour of the type (16) of the magneti monopole mass in the viinity
of the phase transition in the Coulomb phase of the pure U(1) gauge theory. (Taken from
Ref. [5℄.)
5 Pure U(1) gauge eld on the lattie
In any quantum eld theory with uto the hoie of ation is not unique beause it is
possible to add rather arbitrarily terms proportional to the inverse powers of this uto.
Suh a nonuniqueness allows us to hoose the ation with some partiular virtues. For
example, in the ase of the U(1) lattie gauge eld instead of (8) one an use other periodi
funtions of Θp with the expansion (10). The hoie of the periodi Gaussian funtion
(Villain ation) allows a very simple duality transformation of the gauge eld, whih reveals
the seond nature of the U(1) gauge eld with ompat link variables (4): its nonperturbative
properties are governed by magneti monopoles arising as a onsequene of the selnteration
(10) as topologially nontrivial ongurations of the gauge eld.
Properties of these monopoles in the viinity of the phase transition must be studied
numerially [5℄. Their most interesting property is the saling behaviour. In Figs. 1 and
2 we show some numerial data and the ts using formula (16). Similar, though not that
aurate, is the saling behaviour (16) of several gauge balls in the onnement phase [3, 4℄
and also of some thermodynami quantities [1, 2℄.
The observed validity of the saling behaviour is a support for the onjeture, that in
the ase of the pure gauge theory it is possible to onstrut a ontinuum limit, and thus an
8
Figure 2: Saling behaviour of the type (16) of the magneti monopole ondensate in the
viinity of the phase transition in the onnement phase of the pure U(1) gauge theory. The
logarithmi sales on both axes stressthe remarkable auray of this behaviour. (Taken
from Ref. [5℄.)
interesting nonperturbatively dened renormalized U(1) gauge theory, in whih the magneti
monopoles play an important role.
The problem is, however, that this onjeture is based only on the numerial data, whih
an be obtained only in a limited interval of the orrelation lengths ξi. It is not possible to
prove numerially the validity of the saling behaviour in the limit (14). Nor is it possible to
disprove this hypothesis, sine even if one sueeded to demonstrate, that for ertain hoie
of the ation the phase transition is of rst order, it would not exlude that there exists
another, more suitable hoie, where the ontinuum limit really exists.
These onsiderations illustrate the fundamental diulty of the nonperturbative studies
on the lattie of eld theories whih are not asymptotially free. Without reliable preditions
about the existene and properties of ritial points they have only a suggestive harater.
Situation analogous to the pure U(1) gauge theory arises also in the viinity of βc in the
lattie U(1) gauge theory with fermions, i.e. ompat lattie QED [6℄. The dierene is that
beause of the expensiveness of alulations with fermions the data are muh less preise and
presently even a mere suggestion is not yet apparent. The problem of the Landau pole in
QED remains open. This is so even if in the nonompat formulation of QED the existene
of the Landau pole should be onrmed, as the ompat formulation might provide a more
9
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Figure 3: Shemati phase diagram of the χUφ4 model. Numerial data strongly suggest
that the three ritial lines NE, E
∞
E and E
−∞
E interset in one, triritial point E. (Taken
from Ref. [9℄.)
appropriate nonperturbative denition of QED.
6 χUφ4 model
This U(1) lattie gauge theory [7℄ ontains simultaneously a fermion eld χ and a salar eld
φ of the same harge. A Yukawa oupling between the elds χ and φ is absent due to the
harge onservation. Still, the model is quite ompliated and ontains several parameters.
The most important are β, given by Eq. (11), bare mass am0 of the eld χ in the units of a,
and a dimensionless parameter κ ∈ 〈0,∞) whih is a monotonous funtion of the bare mass
squared m2φ,0 of the salar eld φ suh that
κ = 0 ↔ m2φ,0 = +∞, κ =∞ ↔ m
2
φ,0 = −∞. (21)
For κ ≃ 0 the salar eld is negligible, whereas for larger values of κ this eld ondenses
and substantially inuenes the properties of the model. The phase diagram, whih we have
investigated in some detail [7-9℄, is shown shematially in Fig. 3. In the plane am0 = 0 the
model has a global U(1)L⊗U(1)R hiral symmetry.
Many properties of the χUφ4 model an be dedued if we imagine the model as a ompat
lattie QED with added eld φ, or as a U(1) Higgs model with added eld χ. In the rst
ase it is lear that similar to QED the model has, for small β and κ in the hiral limit
am0 = 0, a phase of spontaneously broken hiral symmetry, whih we all Nambu phase. In
this phase the harges are onned. As follows from the relation (21), m2φ,0 is large positive.
With inreasing κ the inuene of the salar eld inreases as m2φ,0 dereases. Therefore
10
the hiral ondensate dereases, and for ertain values of κ we observe a seond order phase
transition, indiated in Fig. 3 by the line NE.
If we start with the U(1) Higgs model, we onlude that for any am0 ∈ (−∞,+∞) and
suiently large β there exists a Higgs phase transition of the rst order, indiated in Fig. 3
by the approximately horizontal surfae. It is known that the Higgs transition in the Higgs
model ends around β = O(1) with a ritial point. These points for dierent am0 form the
ritial lines E
∞
E and E
−∞
E roughly in the am0 diretion.
By extensive numerial investigation we have found a solid evidene that these three
ritial lines interset at one point E. As follows from the theory of suh triritial points in
statistial physis, saling behaviour in their viinity is substantially dierent from that in
the viinity of the ritial lines. This means that at the point E the model has a ontinuum
limit whih is dierent from that obtained on the line NE, where the NJL model is obtained.
The existene and properties of the point E do not yet have any analyti explanation.
From the saling behaviour indiated by the numerial studies the ontinuum limit on-
struted at the point E from the Nambu phase might have the following properties [9, 10℄:
• Connement of both harged elds χ and φ, whih means that the spetrum does not
ontain partiles belonging to these elds.
• Dynamial breaking of the hiral symmetry U(1)L⊗U(1)R and nonzero fermion on-
densate 〈χχ〉.
• Goldstone boson pi (pion) of the mass mpi and a oupling onstant fpi 6= 0.
• PCAC relation (ampi)
2 ∝ am0.
• Neutral fermion F in the spetrum with a nonzero mass mF , whose eld is omposed
of both harged elds,
F (x) = φ+(x)χ(x). (22)
• Salar gaugeball S of mass mS ≃ mF/2 in the spetrum.
• Eetive Yukawa oupling Fpipi, whose strength ahieves the upper bound of this
interation.
• Vetor boson (ρ) omposed of χ and χ. But the analogous salar boson (σ) has not
been observed.
If we imagine, that for example the subgroup U(1)L of the broken hiral symmetry is
gauged, then the orresponding U(1)L hiral gauge symmetry is broken by the fermion
ondensate 〈χχ〉, and the vetor boson orresponding to this gauge eld is massive. This
example together with the listed properties show that the χUφ4 model has properties similar
to the Higgs-Yukawa setor in the spontaneously broken hiral gauge theories with fermions
(like the Standard Model).
The χUφ4 model in the viinity of the point E is thus a prototype of a possible nonpertur-
bative alternative to the Higgs-Yukawa mehanism of the mass generation. Its disadvantage
is a great dynamial omplexity: the new vetorlike U(1) gauge theory introdued for this
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purpose would have to be strongly interating in order to indue the required dynamial
breaking of the hiral symmetry.
Suh modiations of the Standard Model have been onsidered for example in onne-
tion with the idea of top-quark ondensate aused by a new strong gauge interation. A
weird property from the point of view of possible experimental distintion between both
mehanisms is the fat that though our model does not have a Higgs boson (σ), it has a
new salar S. However, this salar is only weakly oupled to fermions, hopefully being thus
distinguishable from the Higgs boson.
7 χUφ3 model
A model analogous to that desribed in the previous setion, but now in three dimensions,
is the χUφ3 model [12℄. For small β its saling behaviour is very similar to that of the
Gross-Neveu model in three dimensions, and it is thus presumably nonperturbatively renor-
malizable in the same sense as that model. Thus it possesses a ontinuum limit with two
phases, one with broken symmetry, whih is a ertain analogue to the hiral symmetry,
(Nambu phase), and one phase with this symmetry restored (Higgs phase). Though these
results are remarkable for a strongly oupled gauge theory, they also mean that the χUφ3
model for small β is nothing really new.
For intermediate and even large β the situation is dierent. The urrent status of our
understanding of the χUφ3 model in the hiral limit am0 = 0 is desribed by Fig. 4. We
show two possibilities for the position of the hiral phase transition for β > 1, as we urrently
annot deide whih one is orret. Therefore we do not know whether in the region denoted
X the symmetry is broken or not.
The substane of the problem is very interesting. Beause it onerns a region with small
κ, one an neglet the salar eld nearly in the whole region X. Then the question is what
are the properties of ompat QED3 at large β and one would expet that these are well
known. This is not the ase, however, beause the perturbation expansion fails to grasp
important properties of that theory even for β →∞. Already in the ase of pure gauge eld
one nds even for arbitrarily large β onnement of stati harges by a onstant fore.
On the basis of analyti arguments it is expeted that if NF harged fermions are added,
then for small NF < N
c
F the hiral symmetry is broken in the whole range of β inluding
β →∞, whereas for NF > N
c
F the symmetry gets restored with inreasing β at some nite
β. This are properties similar to QCD4. For QED3 one expets N
c
F ≃ 3− 4.
However, in alulations with NF = 2 we have found for β ≃ 1.3 an indiation of a phase
transition (vertial line in Fig. 4), whih would mean a substantially smaller value of N cF than
expeted. Naturally, beause of the small sizes of our latties, we annot exlude that the
ondensate rapidly but analytially dereases around β ≃ 1.3 to a small but nonvanishing
value. It is very diult to distinguish numerially suh a derease from a genuine phase
transition. Therefore the hiral phase transition ould also take plae on the horizontal line
in Fig. 4. Apart from these possibilities it seems also plausible that, as in the χUφ4 model,
there is a triritial point around β ≃ 1. We have not yet started a searh for it.
The questions of the position of the hiral phase transition and existene of a triritial
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Figure 4: Phase diagram of the χUφ3 model atm0 = 0. For β < 1 the hiral phase transition
between the Nambu and Higgs pahases is learly seen. The ontinuation of this transition
at β > 1 is unlear, however, and threrefore we dop not know whether in the region X teh
symmetry is broken or not. (Taken from Ref. [12℄.)
point in the χUφ3 model on the lattie are not merely tehnial, as they deide about the
existene of the ontinuum limit and about properties of the orresponding abelian gauge
theory in three dimensions, about the existene of xed points in suh a theory, et. Apart
from the importane for the general quantum eld theory, these properties might be relevant
in onnetion with the high temperature superondutivity [13℄. There are models for this
phenomenon based on strongly oupled gauge theory with analogies to the elds χ and φ,
alled spinons and holons. A better understanding of the χUφ3 model on the lattie might
ontribute to a dynamial justiation or rejetion of suh models.
8 Conlusion
Numerial studies of abelian lattie gauge theories indiates that new renormalized abelian
gauge theories might exist, with properties quite dierent from abelian theories dened by
means of the usual perturbative expansion. Beause of the oupling strength O(1) in suh
theories, onnement and dynamial breaking of both global and loal symmetries at short
distanes would appear. A dynamial generation of partile masses, both of bosons and
fermions would take plae. Suh theories might, in priniple, onstitute an alternative to the
Higgs-Yukawa mehanism.
Of ourse, the fundamental diulty of the numerial investigation is the inherent re-
strition of the results on the nonvanishing values of the lattie onstant a. The observed
saling behaviour has to be extrapolated to the limit a→ 0 without a theoretial justiation
of suh an extrapolation. The desribed results thus are not onlusive but only suggestive.
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Nevertheless, they an, as it is sometimes useful in quantum eld theory, inspire new hy-
potheses about properties of gauge eld theories whih are not asymptotially free. In any
ase, the observed saling behaviour an be used for a onstrution of eetive eld theories
valid in a nite interval of the values of a uto. That this is not a small ahievement is
illustrated by the highly pried urrent theory of eletroweak interations, whih is merely
an eetive theory, too.
Could suh speulations about nonperturbative abelian gauge theories be relevant phe-
nomenologially? Probably not if the Higgs boson and supersymmetri partiles will be
onrmed experimentally, beause then the further development will ontinue on the pertur-
bative road aording to the existing plans. However, plans sometimes do not get fullled.
Aknowledgement.
This leture has been delivered in Prague in honor of the memory of Prof. V. Votruba. I
thank J. Ho°ej²í and other organizers of this meeting for warm hospitality. I am grateful to
J. Ho²ek for disussions on the dynamial symmetry breaking and for drawing my attention
to a relationship between our work and some models of high temperature superondutivity.
Referenes
[1℄ J. Jersák, C. B. Lang, and T. Neuhaus, Non-Gaussian xed point in four-dimensional
pure ompat U(1) gauge theory on the lattie, Phys. Rev. Lett. 77 (1996) 1933.
[2℄ J. Jersák, C. B. Lang, and T. Neuhaus, Four-dimensional pure ompat U(1) gauge
theory on a spherial lattie, Phys. Rev. D54 (1996) 6909.
[3℄ J. Cox, W. Franzki, J. Jersák, C. B. Lang, T. Neuhaus, and P. W. Stephenson, Gauge-
ball spetrum of the four-dimensional pure U(1) gauge theory, Nul. Phys. B499 (1997)
371.
[4℄ J. Cox, J. Jersák, T. Neuhaus, P. W. Stephenson, A. Seyfried, and H. Pfeier, Univer-
sality of the gauge-ball spetrum of the four-dimensional pure U(1) gauge theory, Nul.
Phys. B545 (1999) 607.
[5℄ J. Jersák, T. Neuhaus, and H. Pfeier, Saling analysis of the magneti monopole mass
and ondensate in the pure U(1) lattie gauge theory, Phys. Rev. D60 (1999) 054502.
[6℄ J. Cox, W. Franzki, J. Jersák, C. B. Lang, and T. Neuhaus, Strongly oupled ompat
lattie QED with staggered fermions, Nul. Phys. B532 (1998) 315.
[7℄ C. Frik and J. Jersák, Dynamial fermion mass generation by strong gauge interation
shielded by a salar eld, Phys. Rev. D52 (1995) 340.
[8℄ W. Franzki, C. Frik, J. Jersák, and X. Q. Luo, Chiral phase transition in a lattie
fermion-gauge-salar model with U(1) gauge symmetry, Nul. Phys. B453 (1995) 355.
[9℄ W. Franzki and J. Jersák, Dynamial fermion mass generation at a triritial point in
strongly oupled U(1) lattie gauge theory, Phys. Rev. D58 (1998) 034508.
14
[10℄ W. Franzki and J. Jersák, Strongly oupled U(1) lattie gauge theory as a mirosopi
model of Yukawa theory, Phys. Rev. D58 (1998) 034509.
[11℄ W. Franzki, J. Jersák, and R. Welters, Two-dimensional model of dynamial fermion
mass generation in strongly oupled gauge theories, Phys. Rev. D54 (1996) 7741.
[12℄ I. M. Barbour, E. Foht, W. Franzki, J. Jersák, and N. Psyharis, Strongly oupled
lattie gauge theory with dynamial fermion mass generation in three dimensions, Phys.
Rev. D58 (1998) 074507.
[13℄ J. Jersák, Spinons and holons on the lattie, hep-lat/0010013.
15
